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Abstract
Experience shows that human running gaits have several possible foot collision patterns, depending on which part
of the foot touches the ground ﬁrst, e.g., fore-foot, mid-foot, or heel. In this work, we propose a method to analyze and
understand the dynamics and energy transfer which takes place during topology transition for the diﬀerent possible
touchdown patterns. The method proposed is based on concepts from analytical multibody dynamics, which stem
from the relaxation of constraints. We also pay attention to the eﬀects of ankle compliance in the system and its
inﬂuence on the diﬀerent collision scenarios.
c©2011 Published by Elsevier Ltd.
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1. Introduction
The analysis of human running gait is an important element in understanding the mechanics of human locomotion.
A detailed study was presented in a recent article published in Nature [1] on foot strike patterns and collision forces
based on a broad range of experiments. The particular focus was to compare the behaviours observed for habitually
barefoot vs. shod runners. The main diﬀerence between these two types of runners appear to be in the way how the
foot strikes the ground. Habitually barefoot runners tend to land more frequently on the fore-foot, while shod runners
more often use rear-foot strike (heel-strike).
Extensive experimental tests show that, during foot touchdown, fore-foot strike generates substantially lower
impact forces than those observed for rear-foot strike [1]. This holds for both barefoot and shod runners. The higher
impact forces of rear-foot strike can pose signiﬁcant danger of injuries. However, modern cushioned shoe designs
can reduce the risk of such impact-related injuries for shod runners. On the other hand, barefoot runners need to use
forefoot strike to avoid injuries that can stem from increased magnitudes of forces, and sudden changes in ground
reactions. Muscles may not be well prepared for such large abrupt changes. Besides risk of injury, high impact forces
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Fig. 1: left: Rear-foot (RFS) and fore foot (FFS) strikes
can also contribute to discomfort and fatigue. Athletes also often fore-foot strike, which can reduce loads on the lower
limbs and the knee.
In this paper, we will primarily deal with the systematic model-based explanation and analysis of why diﬀerences
can be seen among the diﬀerent foot strike patterns. Model-based analysis and discussion was also presented in
[1] . In that article, the authors attempted to match the experimental results with a simple one degree of freedom
(DoF) impact model. Based on that the conclusion was that fore-foot strike results in a lower “eﬀective mass” for
the collision, partly due to the presence of more ankle compliance in the FFS based gait. Such a simple model can
explain certain aspects of the observed phenomena. However, it cannot be used for more comprehensive analyses
and predictive investigations. Overall, the systematic explanation of the observed behaviours of foot strike patterns
require the consideration of the potential eﬀects of several variable quantities and the study of multibody models that
includes the multiple-DoFs of the system. Such an approach can make it possible to develop a systematic framework
for the analysis of diﬀerent foot strike patterns. We will show that the simple one-DoF model produces results that
come under special conditions from a more general framework.
2. Modelling Considerations
A main idea we use here is related to the characterization of the impact intensity during foot strike. The ground
reaction force and its impulse can generally be used for this. However, there is also an alternative possibility that can
give rise to representations where the eﬀects of the system variables and parameters can be clearly illustrated. During
foot impact, the motion of the foot, and also the runner, will be constrained in certain ways via the ground contact.
The kinetic energy content associated with this constrained motion, and its possible representations can also serve
as indicator to represent the intensity of foot impact. It was shown in [2] that the pre-impact value of this so-called
constrained motion space kinetic energy (CMSKE) is directly proportional to the impulse of the contact reaction force,
hence, can be used to analyze and compare diﬀerent impacts. The pre-impact instant can be deﬁned as the moment
when the foot starts to make contact with the ground. The measurements and analyses reported in [2] also show that
usually the CMSKE is also proportional to the peak reaction force.
For demonstration we use the foot-shank representation suggested in [1], and also illustrated in Figs. 1 and 2. We
employ a full multibody parameterization of this representation. The plantar foot angle is α and the ankle angle is β.
The approach can also be readily extended to more complex multibody human models. We consider the two cases
given in [1]: (a) The ﬁrst is the case of a very compliant ankle modelled with a pin joint between the foot and the
shank at point B. This leads to β playing the role of a variable, or in technical terms, a generalized coordinate. In this
case the model has four DoFs. The conﬁguration and velocity for this case can be represented by q = [xA yA α β]T
and v = [x˙A y˙A α˙ β˙]T, respectively, where xA and yA are the coordinates of point A given in the absolute x-y frame.
Point A deﬁnes an important, representative point of the fore-foot. (b) The second case considers a very stiﬀ ankle
that is modelled with a rigid connection between the foot and the shank. The assumption of a rigid connection was
also used in [1] to represent a very stiﬀ ankle. For this case, β is not a generalized coordinate of the system, and the
model has three DoFs. The conﬁguration and velocity can be represented by q = [xA yA α]T and v = [x˙A y˙A α˙]T.
The strike index s is deﬁned to quantify the diﬀerent possible foot strike patterns. It takes zero value for a heel-
strike when the impact constraints can be represented with the motion of point B. In principle, the strike index could
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Fig. 2: Foot-shank model
also take negative values for a rear-foot strike (RFS). However, we follow the assumption made in [1] that RFS based
running can be well-characterized by strike index values greater than or equal to zero. The value of s is unity for
a speciﬁc fore-foot strike when the motion of point A is restrained by the foot impact. Typical RFS based gaits are
characterized by the strike index range of 0.05−0.25, and typical fore-foot strike (FFS) gaits have a strike index in the
range of 0.75 − 0.95. If s is 0.5 then we have a complete mid-foot strike (MFS), but a range of s can also be deﬁned
for that.
The ﬁnite-time dynamics of the system can be described by equations
Mv˙ + c(v,q) = f (1)
where M represents the mass matrix of the system, array c contains the centrifugal and Coriolis eﬀects, and f is the
array of generalized forces (forces and moments). These quantities are deﬁned according to the description selected
for the two cases described above: (a) very compliant ankle - four DoF model; (b) very stiﬀ ankle - three DoF model.
The expressions for M for these two cases are detailed in the Appendix, Eqs. (A.1) and (A.2). The impulsive dynamics
can be described by
M(v+ − v−) = f¯ (2)
where v− and v+ represent the velocities just before and after the impulsive event, respectively, and f¯ is the impulse of
f.
The determination of the CMSKE relies on the mapping that connects physical directions/motion to be constrained
by the foot strike to the velocity representation of the system. In our case the physical directions are associated with
the two velocity components of the point of the foot that is representative of the particular foot strike pattern, as
determined by the strike index. The two velocity components are interpreted for the horizontal, x, and vertical, y,
directions of the absolute reference frame. Using the parameterization described above, the mapping can be given for
the very compliant case as
A =
[
1 0 −(1 − s)l sin(α) 0
0 1 (1 − s)l cos(α) 0
]
(3)
and for the very stiﬀ case as
A =
[
1 0 −(1 − s)l sin(α)
0 1 (1 − s)l cos(α)
]
(4)
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Based on these considerations the pre-impact CMSKE can be deﬁned for our case as
T−c =
1
2
v−TPTc MPcv
− (5)
where
Pc =M−1AT
(
AM−1AT
)
A (6)
v− represents the velocity of the system at the instant of foot touchdown, M and A are evaluated for the conﬁguration
at that instant. The detailed derivation of the formulas for Tc and Pc can be found in [2].
3. Results and Analysis
The pre-impact CMSKE, T−c , can be used to evaluate the foot strike intensity for the general case. A speciﬁc
subcase of this is the situation analyzed in [1], where only the eﬀect of the vertical velocity component of the rep-
resentative point of the foot, as determined by the strike index, is considered. The eﬀects of the state of the rest of
the foot-shank system were ignored. This assumption used in [1] is particularly based on the considerations and the
concept of eﬀective mass introduced in [3] using one DoF mass-spring-damper models. However, in reality, the entire
velocity of the foot-shank system can aﬀect the foot strike. For example, it was reported in [4] that the touchdown
point generally also has considerable horizontal velocity before contact. This was also conﬁrmed by our detailed
analysis of the videos that are reported in [1]. Therefore, the interpretation of an eﬀective mass is possible only under
special circumstances. Otherwise, the foot strike intensity is characterized by the pre-impact CMSKE and it depends
on the pre-impact velocity and a tensorial quantity, PTc MPc, that may be termed eﬀective mass matrix of the foot
touchdown. The detailed, closed-form expression of this for the general case is quite complex. However, it becomes
signiﬁcantly simpler for the L-shaped foot-shank conﬁguration investigated in [1], where α = 0 and β = 0 (Fig. 2).
For this simpler case, the expressions of PTc MPc are shown in Eqs. (A.3) and (A.4) for the very compliant and very
stiﬀ cases, respectively. The speciﬁc case investigated in [1] is represented in our description by pre-impact velocity
v− = [0, y˙−A, 0, 0]
T . For this case, assuming the L-shaped foot-shank conﬁguration as in [1], and using Eqs. (5),
(A.3) and (A.4) the pre-impact CMSKE reduces to
T−c =
1
2
[
m(m + 4M)
4(m − 3ms + 3(m + M)s2)
] (
y˙−A
)2 (7)
for the very compliant ankle, and
T−c =
1
2
[
4L2M(m + M) + l2m(m + 4M)
4(L2M + l2(m − 3ms + 3(m + M)s2))
] (
y˙−A
)2 (8)
for the case of a very stiﬀ ankle. In these two expressions the terms in the square brackets represent the eﬀective
masses of [1]. These are obtained from the general expression of T−c under the special conditions described above.
These eﬀective masses are also shown in Fig. 3 as function of the strike index. However, the nature of the behaviour
of T−c as function of the strike index is represented closely by the eﬀective mass only if the vertical velocity of the foot
is unity, i.e., y˙−A = −1m/s1. The solid line in Fig. 3 refers to the case when the ankle is very stiﬀ and the dashed line
refers to the case when the ankle is very compliant. The stiﬀ ankle models RFS and the compliant ankle models FFS
running. Thus, the results obtained for stiﬀ ankle case are generally valid for small strike indices, and the compliant
model can be used for higher values of the strike index.
Using the parameters listed in Tables 1 and 2 the change of the pre-impact CMSKE as function of the strike index
and the ankle angle is presented in Fig. 4. To compare the results with those that were presented in [1] the plantar foot
angle was kept zero independently of the strike index and the pre-impact velocity was selected as described above
that only the vertical foot velocity exists and it has a magnitude of unity, y˙−A = −1m/s. In this case, the double of
1The negative sign is due to the interpretation of the positive direction of y axis of the inertial reference frame. In the following, y˙−A will also be
termed v f oot in some of the discussions.
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Fig. 3: Eﬀective masses for the stiﬀ (solid) and compliant (dashed)
cases
Fig. 4: Eﬀect of the ankle angle on the CMSKE
Table 1: Model parameters (the length of the foot l refers to shoe size US/M(Athl.) 10)
mbody m=
1.4mbody
100
M =
4.5mbody
100
Il =
1
12
ml2 IL =
1
12
ML2 l L= 1.53l lCM =
l
2
LCM =
L
2
70kg 0.98kg 3.15kg 0.0064kgm2 0.0482kgm2 0.28m 0.4284m 0.14m 0.2142m
the calculated kinetic energy has the same numerical value as the eﬀective mass obtained in [1]. The thick lines in
Fig. 4 present the results for the compliant (dashed) and rigid (solid) ankle cases for zero ankle angle, for the L-shaped
conﬁguration, as analyzed in [1]. The gray surface in the ﬁgure represents the dependence of the intensity of the foot
strike on the ankle angle. The ankle angle is not zero generally in a foot strike [1], [5]. We can see that for small values
of the strike index the variation of the ankle angle can have an eﬀect, which cannot be represented by simple, one DoF
models. However, FFS based running is usually characterized by higher strike index values, where the eﬀects of the
changes in the ankle angle are not signiﬁcant.
The characteristic joint angles for diﬀerent foot strikes are presented in Table 2 based on the experimental kine-
matic data reported in [1]. If the assumption of the L-shape, zero values for both α and β Fig. 2, does not hold, but
we assume that the velocity of the foot-shank model is composed of only the vertical velocity component of the foot,
then the pre-impact CMSKE can still be expressed in closed form based on (5). For the compliant ankle case this can
be written as
2T−c =
[
12(4m2 + 5mM + M2) sin(α)2s2 − 6m sin(α)((8m + 5M) sin(α) + 3M sin(α + 2β))s
6(8m + 5M + 3M cos(2(α + β)))s2 − 48ms + 16m
− 2m(−5(m + M) + 3m cos(2α) − 3M cos(2β))
6(8m + 5M + 3M cos(2(α + β)))s2 − 48ms + 16m
] (
y˙−A
)2 (9)
The term in the square bracket represents the eﬀective mass that can be obtained for this more general case. It is easy
to see when α = 0 the ﬁrst term in (9) is zero regardless of β. Thus MFS is mainly characterized by the second term.
Table 2: Characteristic joint angles for diﬀerent foot strikes (these values are taken based on the expreriments reported in [1], for MFS no informa-
tion was available for the ankle joint angle, this is indicated with n.a.)
foot strike RFS MFS FFS
plantar foot angle [◦] −28 ± 6 0 8 ± 4
ankle angle [◦] −9 ± 6 n.a. 17 ± 6
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Fig. 5: Eﬀect of pre-impact velocity on CMSKEwith compliant ankle Fig. 6: Eﬀect of pre-impact velocity on CMSKE with stiﬀ ankle
The eﬀective mass reduces to the expression given in [1] by inserting α = 0 and β = 0. For a stiﬀ ankle we can obtain
2T−c =
[
24l2(m + M)2 sin(α)2s2 − 24l(m + M) sin(α)(−LM cos(α) + lm sin(α))s
24l2(m + M)s2 − 24l2ms + 8(l2m + L2M)
+
L2M(8m + 5M) + l2m(5m + 8M) + 3(−l2m2 + L2M2) cos(2α) − 6lLmM sin(2α)
24l2(m + M)s2 − 24l2ms + 8(l2m + L2M)
] (
y˙−A
)2 (10)
Again, the expression of the appropriate eﬀective mass is contained in the square bracket. The ﬁrst term in (10) vanish
when α = 0.
Based on the data provided in Table 2 the interdependence between the strike index, the plantar foot angle and
the ankle angle can be estimated by linear interpolation. This is also supported by the results reported in [6]. For
this interpolation, RFS, MFS and FFS are considered to occur at strike index values 0, 0.5 and 1, respectively. In
Figs. 5 and 6 the dashed lines refer to the case of α = 0. The solid curves presents the results corresponding to
three diﬀerent values of |y˙−A| = v f oot from the set {0.95m/s, 1m/s, 1.05m/s}, when the plantar foot and ankle angles
were linearly interpolated between the values listed in Table 2. For the compliant ankle case, if y˙−A = −1m/s then the
results obtained considering the dependence of the plantar foot and ankle angles on the strike index are almost exactly
the same as the ones obtained with the assumption of α = 0 and β = 0. However, if the magnitude of the vertical
foot velocity at the contact point is diﬀerent from unity then the pre-impact CMSKE is considerably aﬀected, and the
nature of the foot strike intensity can be diﬀerent from that observed for the idealized L-shaped conﬁguration. In case
of RFS running characterized by the stiﬀ ankle model the plantar foot angle has a signiﬁcant eﬀect on the impact (see
Fig. 6). This eﬀect was not considered in the simpliﬁed study presented in [1].
Assuming that the touchdown foot velocity has considerable horizontal component, as reported in [4], the pre-
impact velocity also has at least two non-vanishing components. In Figure 7 the dashed lines correspond to the case
when y˙−A = −1 m/s and the solid lines represent the case when x˙−A = 1m/s and y˙−A = −1m/s. The vertical lines
with square markers present the mean value and the standard deviation of the experimental results for RFS and FFS
running as reported in [1]. We can see that the existence of a horizontal component of the pre-impact foot velocity has
a signiﬁcant eﬀect on the intensity of the foot strike. This cannot be represented based on the eﬀective masses that are
derived with the assumption of only vertical foot velocity.
4. Conclusion
In this paper we discussed the analysis of foot strike patterns and related impact eﬀects. Such impact eﬀects have
signiﬁcant physiological consequences in both barefoot and shod running. We particularly focused on the model-
based analysis of foot strike dynamics. We introduced and discussed a measure, the constrained motion space kinetic
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Fig. 7: Kinetic energy vs. strike index at diﬀerent pre-impact velocities
energy, which can generally characterize the intensity of foot strike. This measure can explicitly reﬂect the eﬀects of
the parameters and variables that can inﬂuence foot strike. It is applicable to both simple models and sophisticated
multibody representations of the runner. The concept makes it possible to develop a framework to fully describe
and understand the elements aﬀecting running behaviour. The concept gives rise to a central model component, the
eﬀective mass matrix, to completely characterize the relation of the state of the system to the foot strike intensity.
The proposed approach can oﬀer tools to develop answers to the issues and challenges summarized in [7] related
to the mechanics of running and its implications for musculoskeletal systems.
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Appendix A.
Appendix A.1. Mass matrices
Applying the notation sin(α) = sα , cos(α) = cα and sin(α + β) = sαβ the mass matrix corresponding to the
compliant ankle model has the form
M =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
m + M 0 −LCMMcβ − (lCMm + lM)sα LCMMcβ
0 m + M (lCMm + lM)cα + LCMMsβ −LCMMsβ
−LCMMcβ
−(lCMm+lM)sα
(lCMm+lM)cα
+LCMMsβ
Il + IL + l2CMm
+(l2 + L2CM)M + 2lLCMMsαβ
−IL − L2CMM−lLCMMsαβ
LCMMcβ −LCMMsβ −IL − L2CMM − lLCMMsαβ IL + L2CMM
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.1)
The mass matrix of the stiﬀ ankle model can be written as
M =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
m + M 0 −LCMMcα − (lCMm + lM)sα
0 m + M (lCMm + lM)cα − LCMMsα
−LCMMcα − (lCMm + lM)sα (lCMm + lM)cα − LCMMsα Il + IL + l2CMm + l2M + L2CMM
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.2)
Appendix A.2. Eﬀective mass matrices for the L-shaped conﬁguration, α = 0, β = 0
The “eﬀective mass matrices” PTc MPc derived for the compliant and stiﬀ ankle models are given below. For the
compliant ankle model:
PTc MPc =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
m +
M
4
0 0 0
0
m(m + 4M)
4(m − 3ms + 3(m + M)s2)
lm(m + 4M)(1 − s)
4(m − 3ms + 3(m + M)s2) 0
0
lm(m + 4M)(1 − s)
4(m − 3ms + 3(m + M)s2)
l2m(m + 4M)(1 − s)2
4(m − 3ms + 3(m + M)s2) 0
0 0 0 0
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.3)
and for the stiﬀ ankle model:
PTc MPc=
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
m + M − 3L
2M2
4(L2M + l2(m − 3ms + 3(m + M)s2))
3lLM(−m + 2(m + M)s)
4(L2M + l2(m − 3ms + 3(m + M)s2))
3l2LM(1 − s)(−m + 2(m + M)s)
4(L2M + l2(m − 3ms + 3(m + M)s2))
3lLM(−m + 2(m + M)s)
4(L2M + l2(m − 3ms + 3(m + M)s2))
4L2M(m + M) + l2m(m + 4M)
4(L2M + l2(m − 3ms + 3(m + M)s2))
l(4L2M(m + M) + l2m(m + 4M))(1 − s)
4(L2M + l2(m − 3ms + 3(m + M)s2))
3l2LM(1 − s)(−m + 2(m + M)s)
4(L2M + l2(m − 3ms + 3(m + M)s2))
l(4L2M(m + M) + l2m(m + 4M))(1 − s)
4(L2M + l2(m − 3ms + 3(m + M)s2))
l2(4L2M(m + M) + l2m(m + 4M))(1 − s)2
4(L2M + l2(m − 3ms + 3(m + M)s2))
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(A.4)
